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1. INTRODUCTION 
Let P be a convex d-polytope (or just d-polytope for short). The 
1-skeleton of P, comprising the vertices and the edges, is called the graph 
of P and will be denoted G(P). For results concerning polytopes and their 
graphs please refer to  I-2]. A well-known theorem of Balinski [3] asserts 
that the graph of every d-polytope is d-connected. In this note we address 
the following general question, a special case of which is answered by 
Balinski's theorem. 
Suppose we remove the vertices of some k-dimensional face 
from the graph of a d-polytope ( -1  ~< k ~< d-1) .  What is the 
best lower bound for the connectivity of the remaining subgraph? 
Clearly Balinski's theorem provides the answer for the case k = -1 .  It is 
also easy to show that removing the vertices of a facet leaves the remaining 
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subgraph connected [-4, p. 475]. In this note we provide the answer for the 
case 0 ~< k ~< d-2 ,  and by showing that all the bounds are tight we settle 
the question completely. 
2. SUBGRAPHS INDUCED BY COFACES 
LEMMA 1. Let P be a d-polytope in ~d with vertex set V(P) and let H 
be a hyperplane. I f  W is a proper subset of Hn  V(P), then G(P) \W is 
connected. 
Proof. For a proof we refer the reader to [-2, proof of Theorem 11.3.2 
on p. 213]. I 
We now prove the following theorem. 
THEOREM 1. Let F be a k-dimensional face of a d-polytope P 
( - l~<k~<d-1) .  Then the graph G(P)\G(F) is max(1, d -k -1 ) -con-  
nected. 
Proof. A facet does not separate the graph of the polytope [-4, p. 475]. 
So we may assume that - 1 ~< k ~< d-  2. Clearly [ V(P)\ V(F)[ ~> dim(P) - 
dim(F) = d-k .  Thus it is sufficient o show that G(P)\G(F) cannot be 
separated by removing d -k -2  of its vertices. Consider any set W of 
d -  k -  2 vertices of G(P)\G(F). Choose another vertex v ~ V(P)\ V(F)\ W, 
and observe that 
dim(aff{Fu Wu {v}})~<dim(F)+ [W[ + 1 =k+ (d -k -Z)+ 1 =d-  1. 
Thus we can find a hyperplane H that includes Fw Wu {v}. By Lemma 1, 
the graph G(P)\G(F) \Wis  connected. I 
The same argument will also prove the following more general assertion. 
THEOREM 2. Let F1, F2 ..... Fm be faces of a d-polytope P, such that 
• (1 +dim(F~))=k+ 1 ~d 
i=l  
Then G(P)\Ui~=I G(Fi) is (d-k-1)-connected. 
The following example shows that all the lower bounds in Theorem 1 are 
tight. Let Q be a d-polytope in ~a one of whose facts, say F, is a (d -  1)- 
simplex. Let x~ ~d\Q be a point that lies beyond F and beneath every 
other facet of Q, and let P= conv({x} u Q). If M is a facet of Q such that 
d im(Mn F )= d -2 ,  then M is also a facet of P, and removing the vertices 
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of M leaves x 1-valent in the remaining subgraph. Hence the subgraph can- 
not be 2-connected (case : k = d - 1). On the other hand, if Z is a k-face of 
F, 0 ~< k ~< d-2 ,  then Z is also a face of P. Removing the vertices of Z 
leaves x with d -k -  1 neighbors in the remaining subgraph, which cannot 
be (d -  k)-connected (case : 0 ~< k ~< d - 2). Moreover, x is a d-valent vertex 
and hence the graph of P is not (d+ 1)-connected (case:k= -1) .  The 
same example shows that all the bounds in Theorem 2 are tight as well. 
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